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FOLIATIONS ON NON-METRISABLE MANIFOLDS II:
CONTRASTED BEHAVIOURS
MATHIEU BAILLIF, ALEXANDRE GABARD, AND DAVID GAULD
Abstract. This paper, which is an outgrowth of [3], continues the study of
dimension 1 foliations on non-metrisable manifolds emphasising some anoma-
lous behaviours. We exhibit surfaces with various extra properties like Type
I, separability and simple connectedness, and a property which we call ‘squat,’
which do not admit foliations even on removal of a compact (or even Lin-
delo¨f) subset. We exhibit a separable surface carrying a foliation in which all
leaves except one are metrisable but at the same time we prove that every
non-metrisable leaf on a Type I manifold has a saturated neighbourhood con-
sisting only of non-metrisable leaves. Minimal foliations are also considered.
Finally we exhibit simply connected surfaces having infinitely many topologi-
cally distinct foliations.
1. Introduction
In this paper we shall be concerned mainly with 1-dimensional foliations on
surfaces, so the leaves will be 1-manifolds. Recall that there are only four of them:
the circle S1 and the real line R, which are metrisable, and the long ray L+ and
long line L, which are not. We thus call a leaf short if it is S1 or R, and long
otherwise. The closed long ray L≥0 is the space ω1 × [0, 1), with the lexicographic
order topology. We shall sometimes view ω1 as a subset of L≥0 by identifying
α ∈ ω1 with (α, 0) ∈ L≥0. The open long ray L+ is L≥0 \ {0}. The long line L
is the double of L≥0: recall that the double 2M of a manifold M with boundary
is the manifold with no boundary obtained from two copies of M by identifying
corresponding points on the respective boundaries; more formally the quotient of
M×{0, 1} via the equivalence relation ∼ generated by (x, 0) ∼ (x, 1) when x ∈ ∂M .
Unlike R, which is homeomorphic to R+ = (0,∞), L is not homeomorphic to L+.
Our definitions of foliation, foliated chart, plaque, leaf topology and dimension
and codimension of a foliation are exactly as in [4, Definition 1.1]. We shall use the
word “foliation” to refer to foliations of dimension 1.
Let us now summarize and motivate the results of the present paper: topics
covered include infoliability, stability and minimality.
• Separable surfaces lacking foliations. Recall that an open (i.e. non-
compact) metrisable manifold always possesses a codimension one foliation (hence
also a one-dimensional foliation by Siebenmann’s transversality, [11]). In [3, Corol-
lary 1.3] we listed many examples of open non-metrisable surfaces lacking foliations.
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(In fact [4, Corollary 6.5] afforded such examples in any dimension ≥ 2.) All the
examples obtained so far were non-separable, so we pay special attention here to
exhibit a separable example:
Theorem 1.1. There is a separable squat non-metrisable surface S such that for
any compact subset K ⊂ S, S \K lacks a foliation.
A space X is squat provided any continuous map f : L+ → X is eventually
constant, that is there is some α ∈ L+ such that f is constant above α. See [3] for
more details, in particular Lemma 2.2 and Theorem 4.1.
The construction starts as a variation of the famous Pru¨fer manifold (combined
with R. L. Moore’s trick of folding boundary components), but interestingly the
proof of the infoliability, though elementary, turns out to be longer than expected,
and is done in Section 4.2.
In Section 4.3 we provide a second example of a separable surface lacking a
foliation, this time simply connected: the construction is more complicated but the
proof simpler.
• Surfaces lacking foliations after puncturing. In [3] the most basic
examples of surfaces lacking foliations were bagpipes constructed from a genus
g surface by inserting a finite number of long pipes with a cylindrical structure
S1 × L≥0. We noticed in [4, Proposition 6.2] that the removal of a single point
renders all these surfaces suddenly foliable. Hence it is natural to seek an open
surface which is robustly infoliable, i.e. lacking foliations even after puncturing.
The example of Theorem 1.1 is a separable one; an ω-bounded one is given by:
Theorem 1.2. There is a long pipe P such that for any compact subset K ⊂ P ,
P \K lacks a foliation.
See Section 4.1 for the construction and the definition of long pipe.
• Reeb’s stability. Inspecting the example of the punctured long plane L2 \ {0}
foliated horizontally, one might guess that long-line leaves satisfy a form of local
stability analogous to the Reeb stability theorem. By local stability is meant that
leaves keep the same topological type under small perturbations. Here we report
the failure of any form of local stability by giving an example of Nyikos, cf. [10,
Examples 6.3 and 6.7].
Theorem 1.3. There is a separable surface carrying a foliation in which all leaves
except one are real lines, the exception being the long ray. Thus neighbours of long
leaves need not be long.
This manifold of Nyikos deserves special attention (regardless of our biased fo-
liated perspective), as it unites the two simplest constructions of non-metrisable
manifolds: namely Cantor’s long ray (or line) versus the Pru¨fer manifold, com-
bining elements of the two classes of manifolds (‘long’ and ‘separable’ ones). The
surface is a bordification of the upper half-plane by the long ray (or the long line),
so a surface-with-boundary whose interior is R2 and whose boundary is long (either
one of the two possible long 1-manifolds). We shall construct in both cases a folia-
tion admitting the long boundary as a leaf, but such that all other leaves are real
lines. Doubling this surface provides a foliated surface corrupting the stability of
long leaves (see Section 2). So intuitively the Nyikos technique allows one to pick
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an individual leaf in the trivial foliation on the plane R2 and to make it long (in
one or both directions).
However, stability in the Reeb style appears in the Type I setting for long leaves.
Recall from [9, 2.10] that a space X is of Type I if it is the union of an ω1-sequence
〈Uα : α < ω1〉 of open subspaces such that each Uα is Lindelo¨f and Uα ⊂ Uβ
whenever α < β < ω1.
Proposition 1.4. Suppose that a Type I manifold of dimension at least 2 has a
foliation in which there is at least one long leaf. Then there is a neighbourhood of
the long leaf which intersects only long leaves.
The proof can be found at the end of Section 2.2.
• Minimal foliations. Adapting the terminology of G.D. Birkhoff, a foliation
is minimal if every leaf is dense. In the non-metrisable case, a simple example
in codimension-one just comes from the Kneser foliation with a single leaf, see [4,
Section 2]. Here we find two examples using Nyikos’s technique. Puncturing an
irrationally foliated 2-torus, one can then ‘stretch’ the end of a leaf converging to
the puncture to make it long (see Section 3.1). This construction yields:
Theorem 1.5. There is a non-metrisable surface with a minimal foliation con-
taining exactly one long leaf (which is not embedded), the other leaves being real
lines.
It is worth noting that if a leaf is sequentially compact, then it must be embedded
(this follows for instance from [8, Lemma 2.8]). This example shows that a long ray
leaf is not always embedded. We also give a version with short leaves in Section
3.2:
Theorem 1.6. There is a minimal foliation on a non-metrisable surface such that
all leaves are real lines.
• Counting foliations on ω-bounded surfaces. As noticed in [3, Corol-
lary 6.5], the long plane L2 has the striking property of having only two foliations
up to homeomorphism. It is a fun ‘origami’ game to seek a surface having exactly
one foliation (up to homeomorphism). We propose the following solution using a
sort of ‘paper cone’ surface (which is ω-bounded):
Proposition 1.7. The double 2Q of the closed quadrant Q = {(x, y) ∈ L2 : −y ≤
x ≤ y} admits a unique foliation up to homeomorphism (up to isotopy, as well).
We prove this in Section 5.1. All of the examples of ω-bounded simply-connected
surfaces inspected in [3] (and this last one) have a finite number of foliations up
to homeomorphism (this number is often zero). Here we show that, unsurprisingly,
there may be infinitely many:
Proposition 1.8. There is a simply connected, ω-bounded surface possessing in-
finitely many foliations (up to homeomorphism).
This is proved in Section 5.2. Note that in this situation all the leaves must be
long lines. (Indeed the circle is excluded by Schoenflies, and the spiraling of short
ends imposed by Poincare´-Bendixson’s theory precludes real and long-ray leaves,
leaving us with the long line as the only possible leaf type, see [3, 8] for more
details.)
4 MATHIEU BAILLIF, ALEXANDRE GABARD, AND DAVID GAULD
In the metrisable case, flows and foliations are closely related (loosely speaking,
the existence of one implies the existence of the other). An analysis of which part
of the ‘metrisable results’ survives in the non-metrisable case is done in [8], so we
will not delve into this subject except for some side remarks.
Since some of our surfaces are built by using Pru¨fer’s, Moore’s and Nyikos’
constructions, we recall them in Section 2, and explain how they can be done in a
foliated setting.
2. Three basic constructions: the Pru¨fer, Moore and Nyikos
surfaces
In this section, we recall three constructions of non-metrisable surfaces. The first
two (Pru¨fer and its Moore variant) are very classical, but we recall them briefly
since we are going to use them in foliated settings. The last one (Nyikos), though
published in [10], is apparently much less known, so we reserve more space for its
presentation, and include the proof that the resulting space is indeed a surface.
2.1. Pru¨fer and Moore. The Pru¨fer surface (with boundary) is obtained by tak-
ing R × R+ ⊔ ∪x∈RRx, where each Rx is a copy of R. The topology on R× R+ is
the usual topology. A neighbourhood of a point y ∈ Rx is given by the union of an
open interval (a, b) ⊂ Rx containing y with an open sector in R × R+ emanating
from (x, 0) (though this point is not in R× R+) whose sides have slopes
1
a
, 1
b
, and
whose height is ε > 0 (see for instance [4, Section 2] for more details). With this
topology, a line of slope 1/y that would intersect the horizontal axis at x tends to
the point y ∈ Rx. The space obtained is easily seen to be a surface whose boundary
is the union of all Rx (it thus has uncountably many boundary components).
Alternatively, one can take the upper half plane R×R+ and add at each ‘point’
(x, 0) the system of rays emanating from it as a boundary component.
There are three ways to obtain a borderless surface from the Pru¨fer surface:
add collars to each boundary component, or take the double. The third is the
Moore surface which is obtained by taking the quotient of the Pru¨fer surface by
the relation y ∼ z for y, z ∈ Rx and y = −z, yielding a boundaryless surface.
(Notice that if y and z belong to different Rx, they will not be identified.) After
the identification, each set Rx is folded around 0 and looks more like a spike inserted
‘vertically’ inside the upper half plane. Figure 1 shows that if we foliate the upper
half plane by vertical lines, then after ‘Moorizing’, the leaves extend nicely through
the 0-point of each spike; on the double of the Pru¨fer surface, the horizontal lines
together with each of the sets Rx gives a foliation.
We can also perform the identification in some but not all of the boundary
components. Whenever we say that the boundary components in some A ⊂ R are
Moorized, it will mean that the identification is done only in the sets Rx for x ∈ A.
Suppose we are given a surface S with a chart ϕ : R2 → U ⊂ S, and let S0 be
the subsurface (with boundary) ϕ((0, 1) × [0, 1)).1 We say that the Pru¨ferisation
of S in S0 through ϕ is the surface obtained by first deleting the boundary of
S0 and replacing each of its points x by copies Rx of R, defining the topology as
in the Pru¨fer surface, and carrying it through ϕ. One can similarly define the
Moorization of S in S0, or Moorize some of the components and not the others.
1We take (0, 1) × [0, 1) to avoid bad behaviour near ∂S0, such as a diverging sequence xn in
R2 with ϕ(xn) having an accumulation point on ∂S0.
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Prüfer magnifying glass  Identification in R x
Figure 1. Foliations on the Pru¨fer and Moore surfaces.
For instance, if one has a foliation of the upper half plane by lines of slope s, we
can first make them vertical by a homeomorphism, then Moorize everywhere, and
carry this construction through the inverse homeomorphism. The spikes are thus
inserted with slope s, so to say, and the foliation extends to the new space with
each spike being part of a leaf. We can also Pru¨ferize or Moorize only at the points
belonging to some closed subset of ∂S0, and we would still obtain a surface.
2.2. The Nyikos surface. We shall show the following, which implies Theorem
1.3 (compare with [10, Examples 6.3 and 6.7]):
Proposition 2.1. There is a surface M = O ⊔ L, where O is homeomorphic to
R2 \ {(0, 0)} and L to the closed long ray. Moreover there is a foliation of M in
which all leaves except one are real, the exception being the open long ray.
Proof. The version of the manifold that we present appears in [10] but the exposi-
tion is a bit sketchy, so we give a description of the manifold while describing its
foliation.
It is well-known that there exists an ω1-sequence 〈fα〉 of increasing functions
fα : ω → ω such that fα <∗ fβ (i.e. there is n so that fα(m) < fβ(m) for each
m ≥ n) whenever α < β. Further, f0 < fα for all α > 0 and we may assume that
f0(n) = n for all n. The sequence 〈fα〉 may be constructed by induction on the
limit ordinals, with fα+1 = fα + 1, for instance. For each x ∈ L+, write x = λ+ r
for λ a limit ordinal and r ∈ [0,∞) and declare fx : ω → [0,∞) to be the function
given by fx(s) = fλ(s) + r. If r is an integer then this definition agrees with the
previous one.
For each x ∈ L≥0 define a symmetric function gx : R → (−∞, 0] by gx
(
± 1
n
)
=
− 1
fx(n)
, extend gx linearly on each interval ±
[
1
n+1 ,
1
n
]
, set gx(0) = 0 and set
gx(s) = gx(1) when |s| ≥ 1.
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Let M = (R2 \ {(0, 0)}) ⊔ L≥0 and topologise M as follows. For any ε > 0
(including ε =∞) and x, y ∈ L+ with x < y set
U(ε, x, y) = {(s, t) ∈ R2 : |s| < ε and gx(s) < t < gy(s)} ∪ (x, y),
Vε = {(s, t) ∈ R
2 : |s| < ε and − ε < t < gε(s)} ∪ [0, ε),
where (x, y) and [0, ε) are both intervals in L≥0. Set
B1 = {U ⊂ R
2 \ {(0, 0)} : U is open in the usual topology},
B2 = {U(ε, x, y) : ε > 0, x, y ∈ L+ and x < y}, B3 = {Vε : ε > 0}.
Then B1∪B2∪B3 is a basis for a topology onM . Indeed, it is clear that U ∩V ∈ B1
whenever U ∈ B1 and V ∈ B1 ∪ B2 ∪ B3 and that U ∩ V ∈ B3 whenever U, V ∈ B3.
Now suppose that δ, ε > 0 and v, w, x, y ∈ L+ with v < w and x < y. Clearly
U(δ, v, w)∩U(ε, x, y)∩R2+ ∈ B1. Suppose z ∈ (v, w)∩ (x, y). Choose ζ ∈ R so that
ζ ≤ min{δ, ε} and
gmin{v,x}(s) ≤ gmax{v,x}(s) < gmin{w,y}(s) ≤ gmax{w,y}(s)
for each s < ζ. Then z ∈ U(ζ,max{v, x},min{w, y}) ⊂ U(δ, v, w) ∩ U(ε, x, y).
Hence U(δ, v, w) ∩ U(ε, x, y) is open. Similarly U(δ, v, w) ∩ Vε is open.
Remark 2.2. Although the closed long ray is included in M as a subspace it is
sometimes more convenient to identify the open long ray L+ with the union of L
together with the negative t-axis of R2 \ {(0, 0)}.
The topological space M is a surface; we note in passing that it is separable.
Moreover L+ (in the sense of Remark 2.2) together with the lines {s}×R for s 6= 0
and {0} × (0,∞) define a foliation of M . To verify this, we show that for each
α ∈ ω1 \ {0} there is a homeomorphism ϕα : U(∞, 0, α) → R × (0, 1) which maps
the interval (0, α) of L+ to {0} × (0, 1) and preserves the first coordinate of points
of R2.
Proof of the base case is very similar to proof of the successor case so we shall
show only the latter of these two. Suppose ϕα is given. Define ϕα+1 as follows.
If ξ ∈ U(∞, 0, α) let ϕα+1(ξ) have the same first coordinate as ϕα(ξ) but half the
second coordinate. If ξ ∈ U(∞, 0, α+ 1)\U(∞, 0, α) then set ϕα+1(ξ) = (0,
r+1
2 ) if
ξ = α+ r ∈ [α, α+1) ⊂ L≥0; otherwise ξ = (s, t) ∈ R2 where gα(s) ≤ t < gα(s)+1,
in which case we set ϕα+1(ξ) =
(
s, 1+t−gα(s)2
)
.
Now suppose that λ > 0 is a limit ordinal and that ϕα has been defined for
all ordinals α ∈ (0, λ). Choose an increasing sequence 〈αn〉 converging to λ with
α0 = 0. Then ϕαn has already been defined. Define sequences 〈hn : R → R〉 and
〈Nn〉 inductively as follows (noting that hn and Nn really depend on λ and αn as
well). The functions hn are symmetric so we need only define hn(s) for s > 0. Set
N0 = 1 and h0 = g0. Given Nn−1 and hn−1, choose Nn so that Nn − Nn−1 > 1
and gαn−1(s) < gαn(s) < gλ(s) whenever 0 < s <
1
Nn
, and let hn agree with gαn
on
(
0, 1
Nn+1
]
, let hn(s) =
hn−1(s)+gλ(s)
2 when s ∈
[
1
Nn
,∞
)
and extend hn linearly
in
[
1
Nn+1
, 1
Nn
]
. Inductively hn(s) = gαn(s) when |s| <
1
Nn
, and for any s 6= 0 the
sequence 〈hn(s)〉 is strictly increasing and converges to gλ(s).
LetBn = ϕαn ({(s, t) ∈ R \ {(0, 0)} × (−∞, 0) : hn−1(s) ≤ t < hn(s)} ∪ [αn−1, αn))
(but with [α0, α1) replaced by (α0, α1) when n = 1) and let ψn : Bn → R ×[
1− 12n−1 , 1−
1
2n
)
(
[
0, 12
)
replaced by
(
0, 12
)
when n = 1) be a homeomorphism
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which preserves the first coordinate and, for each fixed value of the first coordinate,
the second coordinate is increasing. Then we may define ϕλ|ϕ−1αn (Bn) to be ψnϕαn .
Because the s-coordinate does not change at all, the charts ϕα are foliated charts,
confirming our claim about the foliation. 
Remark 2.3. The construction above can be varied in a number of ways. We could
have performed the construction only on the half plane s ≥ 0 to obtain a surface
with boundary L+, or only on the half plane t < 0 so that the long leaf projects from
the edge of the manifold. We can combine two surfaces as above to obtain a surface
foliated by leaves homeomorphic to R except for one leaf which is homeomorphic
to L; alternatively we can append a copy of R × L≥0 to obtain a surface foliated
by leaves homeomorphic to L+ except for one leaf which is homeomorphic to L.
As in the case of Pru¨fer and Moore, the Nyikos construction (and its modifica-
tions just mentioned) can be carried out on a surface S different from the plane,
provided that we are given a homeomorphism ϕ : R2 → U ⊂ S sending 0 to p. We
will then say that the resulting surface is the Nyikosization of S in U through ϕ.
We shall now prove that this construction cannot be adapted to obtain a Type
I manifold, that is, we prove Proposition 1.4.
Proof of Proposition 1.4. Let M = ∪α<ω1Uα, where each Uα is open and Lindelo¨f
and Uα ⊂ Uβ when α < β. Suppose for simplicity that L is a long leaf. Choose
an embedding e : L+ → L: for convenience we assume that e(α) /∈ Uα. For each
α < ω1 by [3, Lemma 2.3] there is a foliated chart (Vα, ϕα) with e([0, α]) ⊂ Vα.
Because M is first countable, there is a neighbourhood N of e(0) which lies in
uncountably many of the tubes Vα and such that all leaves passing through N meet
the neighbourhood M − Uα of e(α). Thus N cannot intersect a short leaf. Indeed,
if F is a short leaf intersecting N then F is Lindelo¨f, so there is α ∈ ω1 so that
F ⊂ Uα. Thus all leaves through N are long. Of course continuum many leaves
pass through N . 
Note that we cannot ask that the long leaves should all be of the same type.
For example, if we foliate the long plane L2 by horizontal long lines then remove
a single point, the resulting foliation has two leaves which are long rays while the
remainder are long lines. On the other hand if the leaf L in the proof above is long
in both directions, i.e., modelled on L, then the argument may be applied in both
directions of L to exhibit a neighbourhood which intersects only leaves which are
long in both directions.
3. Dense leaves, minimal foliations on non-metrisable surfaces
3.1. A minimally foliated surface with a long ray leaf that is not em-
bedded. In this sub-section we prove Theorem 1.5. Our surface has fundamental
group free on two generators. We then show that it is impossible to construct such
a surface which is also simply connected.
Let T2 = R2/Z2 be the 2-torus irrationally foliated by a ‘Kronecker’ foliation,
that is, its leaves are (quotients of) the lines of irrational slope a in R2. Let p ∈ T2,
and choose a small neighbourhood of p given by a parallelogram with two horizontal
sides and two sides of slope a. Then there is a homeomorphism ϕ : R2 → U sending
0 to p, the horizontals to horizontal lines and the vertical lines to the leaves.
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Take S to be the Nyikosization of T2 in U through ϕ. This process can be seen as
first making a puncture at p, whose leaf is disconnected in two parts, the negative
and positive ones. Since ϕ sends the vertical lines to leaves, the added copy of L+
gets attached to the negative part of the leaf (recall Remark 2.2), and the foliation
extends to S. Then both the ‘augmented’ negative part and the positive one remain
dense in the resulting surface, yielding our result.
Proposition 3.1. A simply connected surface does not support a foliation having
a dense leaf.
Proof. Suppose that S is a simply connected surface and F is a foliation on S
with a leaf L which is dense in S. Give L an orientation. Choose a foliated chart
(U,ϕ) with ϕ(U) = (0, 3) × (0, 3) and set V = ϕ−1((0, 3) × (1, 2)). Next choose
y1, y2 ∈ (1, 2) such that:
• the plaques ϕ−1((0, 3)× {y1}) and ϕ−1((0, 3)× {y2}) lie in L;
• the natural orientations (i.e., as inherited from the direction of the x-axis
of R2) of ϕ−1((0, 3) × {y1}) and ϕ
−1((0, 3) × {y2}) either both agree with
the orientation of L or are both opposite to it;
• there is no other plaque in U and lying on L whose location on L is between
the plaques ϕ−1((0, 3)× {y1}) and ϕ−1((0, 3)× {y2}).
We describe a procedure for obtaining y1 and y2. The leaf L meets V ; choose
y ∈ (1, 2) so that ϕ−1((0, 3)×{y}) ⊂ L. Let us assume that the natural orientation
of ϕ−1((0, 3)×{y}) agrees with that of L and follow L in its positive direction until it
next meets V , say in ϕ−1((0, 3)×{z}). If the natural orientation of ϕ−1((0, 3)×{z})
also agrees with that of L then set {y1, y2} = {y, z}. Otherwise continue to follow
L in its positive direction until it first meets ϕ−1((0, 3)× (y, z)) (if y < z; otherwise
use (z, y)), say in ϕ−1((0, 3)×{w}). If the natural orientation of ϕ−1((0, 3)×{w})
agrees with that of L then let {y1, y2} = {w, y} and if not let {y1, y2} = {w, z}.
y
y
1
2
0
3
30
Figure 2. Following a leaf to create a circular leaf
Let h : (0, 3)× (0, 3)→ (0, 3)× (0, 3) be a homeomorphism which is the identity
except on (1, 3)× (1, 2) and maps sets of the form (2, 3)× {y} to sets of the form
(2, 3)× {η}, with η = y2 when y = y1. See figure 2.
Now let B be a basis for F in which the only chart meeting ϕ−1([1, 2] × [1, 2])
is the chart (U,ϕ). Define a new foliation F ′ on S which has basis B \ {(U,ϕ)} ∪
{(U, h−1ϕ)}. The foliation F ′ has a leaf L′ which consists of the portion of L
between the two plaques plus the new plaque ϕ−1h((0, 3)× {y1}). Now the leaf L′
is a circle so by [7, Theorem 1] L′ bounds a disc because S is simply connected.
Restricting F ′ to this disc gives a foliation of the disc in which the boundary is a
leaf, which is impossible. 
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Building on this argument, one can adapt the full Haefliger-Reeb theory to the
non-metric realm. We refer the interested reader to [6].
3.2. A minimally foliated non-metric surface with only short leaves. In
this sub-section we prove Theorem 1.6.
Proof of Theorem 1.6. We start again with a torus and an irrational foliation. Here,
it is convenient to treat the torus as [0, 1]× [−1/2, 1/2], with the obvious identifica-
tions. Define K to be the 1/10 Cantor set, that is, the set of points in [0, 1] which
may be written with decimals using only 0 and 9. Of course there are sometimes
two ways of writing a decimal number, but when we have the choice we always
choose to use the notation with infinitely many 9s. (So for instance 0.1 is in K, as
it is equal to 0.09¯.) Now, notice that if a real number a may be written in decimals
with one of its decimals (say the nth) in {3, 4, 5, 6, 7}, then we have:
(1) a+ x is not in K for all x in K ,
because the nth decimal of a+ x would then be in {2, 3, 4, 5, 6, 7, 8}.
Lemma 3.2. There is an irrational number a such that for all k ∈ Z \ {0}, there
is some n(k) such that the n(k)th decimal of ka is in {3, 4, 5, 6, 7}.
Proof. For each k ∈ Z\{0}, let Uk = {x ∈ (0,∞) : there is a 5 somewhere after the
decimal point in kx but the decimal expansion of x does not end in either 5000 . . .
or 5999 . . .}. The set Uk is open and dense in (0,∞), so by the Baire Category
Theorem, the intersection of all the sets Uk is a dense Gδ. Hence ∩k∈Z\{0}Uk must
contain at least one irrational number, call it a. Then for each k ∈ Z \ {0} there is
some n(k) such that the n(k)th decimal of ka is 5. 
Let a be a real number given by Lemma 3.2, and foliate the torus by the irrational
lines of slope 1/a. Then for each leaf F in the foliation, the intersection of F and
K × {0} is at most one point.
Choose ε ∈ (0, 14a ): then the leaf passing through the point (1/2, 0) meets the
horizontal line (0, 1) × {2ε} before the vertical line {1} × (−1/2, 1/2). Let U be
the open subset of the torus obtained from the strip [0, 1] × (−2ε, 2ε) from which
the (part of the) leaf passing through (1/2, 0) has been removed. Let V ⊂ U be
obtained from the strip [0, 1]× (−ε, ε) with all the (parts of) leaves passing through
the points in [1/3, 2/3] × {0} removed. Notice that V contains K × {0}. Set
V − = V ∩ [0, 1]× [−1/2, 0] and V + = V ∩ [0, 1]× [0, 1/2]. Then there is a foliated
chart ϕ sending U to R2 and V to (−1, 1)2. Assume V − is sent to (−1, 0]× (−1, 1)
and V + to [0, 1) × (−1, 1). Replace each point x of K × {0} by two intervals Ix,
Jx by Pru¨ferizing in V
− and V + through ϕ, and then Moorize Ix and Jx. This
yields a foliated surface (we use here that K × {0} is closed, of course). Since K
is uncountable, this surface is non-metrisable. Leaves that used to pass through
K × {0} are now cut into 2 leaves, and these remain dense in the resulting surface
by (1). We thus have a minimal surface. 
One might think at first that we can Moorize all leaves by carefully choosing
K, but this is impossible. Indeed, for n ∈ Z, call Kn the n-th ‘translate’ of K,
consisting of the points (x+na(mod1), 0), for x ∈ K (these are the points obtained
by following the foliation). Then, the Kn are mutually disjoint. If K has a non-
empty interior, then it contains an interval of length ε, say, and so does each Kn
(we think of them as intervals in the circle). Then, the Kn for n = 0 to 1/ε + 1
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cannot be mutually disjoint, because this would imply that some intersect K more
than once. Hence K has an empty interior. If K is closed (and so is each Kn), this
implies that each Kn is nowhere dense. It follows from Baire’s Theorem that [0, 1]
cannot be the union of all Kn for n ∈ Z.
We are obliged to modify only some of the leaves, which fall thus in two categories
after the Moorization: the ones that are dense only at ‘one end’, and the ones for
which ‘both ends’ are dense.
4. Surfaces without foliations even after removing a compact subset
4.1. A contorted long pipe. Here we show that there is a long pipe that cannot
be foliated even after removing any compact subset, that is, we prove Theorem 1.2.
Our definition of long pipe is the same as [9, 5.2]: the union of an ω1-sequence 〈Uα :
α < ω1〉 of open subspaces Uα each homeomorphic to S1 × R such that Uα ⊂ Uβ
and the boundary of Uα in Uβ is homeomorphic to S
1 whenever α < β < ω1.
Proof of Theorem 1.2. In fact, we construct a long pipe N = ∪α∈ω1Nα such that for
any α ∈ ω1, N \Nα cannot be foliated. Since any compact (indeed Lindelo¨f) subset
of N is contained in some Nα, the result follows. The idea is the following. We start
with the first octant O = ∪α∈ω1Oα, where Oα = {(x, y) ∈ L
2 : 0 ≤ y ≤ x < α},
and we glue the boundaries together, that is we identify (x, 0) with (x, x) for each
x ∈ L+. Call this space C = ∪α∈ω1Cα. By [3, Proposition 6.1], for any α, C \ Cα
cannot be foliated by long leaves. After a puncture (say at (0, 0)) C can be foliated
by short leaves, for instance the circles {(x, y) : x = constant}. To prevent this,
we alter the boundaries Cβ \ Cβ (that are homeomorphic to the circle) at limit
ordinals β by inserting intervals so that they become homeomorphic to the circle
with a spike, i.e. to the subset of R2 given by {(x, y) : x2+y2 = 1 or x ≥ 0, y = 0}.
By [3, Proposition 4.2], if one foliates this new space by short leaves, there would
be a limit ordinal β such that the altered boundary at height β is saturated by the
foliation, but this is impossible as this boundary is not even a manifold.
Denote by Λ ⊂ ω1 the limit ordinals. For each γ ∈ Λ, let Iγ be a copy of [3, 4), and
let 〈βγ,n〉 be an increasing sequence of ordinals converging to γ. For each α ∈ ω1,
let Oα = Oα \ {(0, 0)} and set O˜α = Oα ∪ (
⋃
β<α;β∈Λ Iβ . For each α ∈ ω1, choose
a homeomorphism ϕα : [2, α) → [2, 4) such that if α ∈ Λ then ϕ(βα,n) = 4 − 1/n
when n ≥ 1. Let B be (0, 4) × [0, 2], and fix an embedding g : B → B which is
the identity outside [2, 4)× (0, 1] and whose image is B \ [3, 4)×{1/2}, such that g
leaves the second coordinate fixed, as in Figure 3. Next, for each α ∈ ω1 \ {0, 1, 2}
choose homeomorphisms ψα : Oα → B such that ψα|O2 does not change the x-
coordinate, ψα|Oα\O2 changes the first coordinate x to ϕα(x), and ψα|[2,α)×[0,1] is
given by (x, y) 7→ (ϕα(x), y).
We now define a topology on ∪α∈ω1O˜α by use of functions ψ˜α : O˜α → B (α > 2)
which are defined by induction. If α < ω, we let ψ˜α = ψα. If α ∈ Λ, we let
ψ˜α|O˜βα,n\O˜βα,n−1
be given by ψα ◦ (ψβα,n)
−1 ◦ ψ˜βα,n . If α = γ+1 and γ /∈ Λ, we let
ψ˜α|O˜γ be ψα ◦ (ψγ)
−1 ◦ ψ˜γ , and ψ˜α|O˜α\O˜γ be ψα|O˜α\O˜γ . If γ ∈ Λ, we let ψ˜α|O˜α\O˜γ
be ψα|O˜α\O˜γ , ψ˜α(x) = ψαψ
−1
γ (x, 1/2) for x ∈ Iγ , and ψ˜α|O˜γ be ψα ◦ (ψγ)
−1 ◦ g ◦ ψ˜γ .
Choose the topology on O˜α that makes ψ˜α a homeomorphism. Then O˜ = ∪α∈ω1O˜α
is a surface with boundary, which is a version of O with inserted spikes. Notice
that the boundary is not affected by the spiking process, so we can write these
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0
21
1
0
21
Figure 3. Inserting intervals
points using the same coordinates as in O. The required surface N is obtained by
identifying (x, 0) with (x, x). The proof of [3, Proposition 6.1] adapts to the case
of N , and therefore there cannot be any foliation of N \Nα by long leaves. Since
we inserted the spikes, by [3, Proposition 4.2] neither can there be a foliation by
short leaves, so N \Nα cannot be foliated, for any α. 
4.2. The mixed Pru¨fer-Moore surface. Here, we prove Theorem 1.1, that is
the existence of a separable non-metrisable squat surface lacking a foliation, even
after removal of a compact subset.
Our example is a mixed Pru¨fer-Moore surface. Let P be the (separable) Pru¨fer
surface with boundary described in Section 2.1, i.e. the upper half plane whose hor-
izontal axis has been Pru¨ferized. To avoid confusion, we shall denote the boundary
components by Ir (r ∈ R) instead of Rr or Rx, indexed according to their hori-
zontal coordinate. Denote by P o the interior of P (i.e. the upper half plane). For
A,B ⊂ R disjoint, let PA,B = P o ∪
⋃
r∈A∪B Ir be the surface with boundary where
we Moorize the Ir for r ∈ B. Notice that PA,B and its double 2PA,B are squat (see
[4, Example 4.4]), separable, and moreover non-metrisable whenever one of A,B is
uncountable. We shall show that for certain A,B, the double 2PA,B does not have
any non-trivial foliation, even upon removal of a compact set.
Theorem 4.1. Let A,B ⊂ R be disjoint, and U ⊂ R be open. Assume that B
is a Gδ dense subset of U and that A is such that A ∩ U0 is uncountable for each
non-empty open U0 ⊂ U . Let K ⊂ 2PA,B be compact. Then 2PA,B \K does not
possess any foliation.
For example, choose B to be a dense Gδ of Lebesgue measure zero (such as the
Liouville numbers), and set A to be its complement. The theorem will follow from
a series of lemmas, some of which do not use all the assumptions, so for now we
only assume that A,B are subsets of R. We begin with some notation.
When r ∈ A, we still write Ir for the subsets of 2PA,B corresponding to the
former boundaries that are now ‘bridging’ the two copies of PA,B. When r ∈ B we
write Ir,1, Ir,2 for the two copies of Ir in 2PA,B. We write P
o
1 , P
o
2 for the copies of
P o. When F is a foliation on 2PA,B we let
D = {r ∈ A : Ir is not a leaf of F},
Ei = {r ∈ B : Ir,i is not contained in a single leaf of F}, i = 1, 2.
Lemma 4.2. Let A,B ⊂ R, and F be a foliation on 2PA,B. Then D,E1, E2 are
all countable.
Proof of Lemma 4.2. Since 2PA,B is squat, all the leaves are short, and thus a leaf
can intersect only countably many sets Ir. Let {Fn}n∈ω be a set of leaves dense in
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P o1 ∪ P
o
2 , and set
D′ = {r ∈ A : ∃n ∈ ω with Fn ∩ Ir 6= ∅}.
We show that D′ = D, which proves the lemma for D. First, notice that
D = {r ∈ A : for some leaf F, F ∩ Ir 6= ∅ 6= F ∩ (P
o
1 ∪ P
o
2 )}.
Let F be a leaf that intersects both P o1 ∪P
o
2 and some Ir. Fix x ∈ F ∩(P
o
1 ∪P
o
2 ), and
follow the leaf (in one direction or the other) until it reaches Ir. Let y be the first
point in Ir thus reached, and let z ∈ F be a point further on. Any neighbourhood
of y contains a point of Ir that is not in F (see Figure 4, left). By [3, Lemma 2.3],
there is a ‘tubular neighbourhood’ T of the portion of F between x and z with
a homeomorphism T → (0, 1)2 such that the leaves in T are the preimages of the
horizontals. Therefore, there is some n for which Fn intersects Ir as well (see Figure
4, right). It follows that D′ = D.
...... rI
x
F
y
...... rI
x
F
z
Fn
y
Figure 4. Leaf intersecting Ir and its tubular neighborhood.
Now, fix i. For r ∈ B, there is a homeomorphism h : Ir,i → [0, 1). Denote by Gr
the leaf passing through h−1(0). Notice that
Ei = {r ∈ B : for some leaf F, F ∩ Ir,i 6= ∅ and F 6= Gr}.
Define G to be the set of leaves different from all Gr but intersecting some Iir.
Taking a countable subset of leaves dense in (P o1 ∪ P
o
2 ) ∩ (∪F∈GF ), one sees as in
the proof for D that Ei must be countable. 
This lemma enables us to look only at nice foliations, i.e., those satisfying:
Ir is a leaf of F if r ∈ A(2)
Ir,i is contained in a single leaf of F if r ∈ B, i = 1, 2.(3)
We now look at each copy of PA,B separately, and drop the superscripts on
Iir. We define Wr(n, θ) for r ∈ R, n ∈ ω and θ ∈ (0, pi) to be the interior of the
triangle shown in Figure 5. Wr(n, θ) is centred around the line of points with first
coordinate r, has height 1/n and lower vertex (r, 0): by a slight abuse of language,
we shall say that r is the bottom vertex of Wr(n, θ), even if the point (r, 0) has
been replaced by Ir in the Pru¨ferisation.
Let T (r, n, θ) denote the following property (compare Figure 5):
There is a leaf Lr ∈ F such that Lr ∩Wr(n, θ) contains an arc that
goes from the bottom vertex of Wr(n, θ) to its upper boundary.
Lemma 4.3. Let A,B ⊂ R and F be the restriction to one of the copies of PA,B
of a nice foliation on 2PA,B. For each r ∈ B and θ ∈ (0, pi) there is some n ∈ ω
such that T (r, n, θ).
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......
r
1/n
r
rW
L
o
(n,O)
Figure 5. Wr(n, θ).
Proof. For r ∈ B, let Fr denote the leaf containing Ir . Then Fr must converge to
the 0-point of Ir. The result then follows from the definition of the topology near
this point. 
Let B(n, θ) = {r ∈ A ∪B : T (r, n′, θ) for some n′ ≤ n}.
Lemma 4.4. With the same assumptions as in Lemma 4.3, we have that B(n, θ)∩
(A ∪B) ⊂ ∪m∈ωB(m, θ′) for all θ′ > θ.
Proof. Notice that Lemma 4.3 implies Lemma 4.4 for points in B ∩B(n, θ), so we
only need to check it for points in A∩B(n, θ). We shall consider induced foliations on
various subspaces of PA,B, so we will call a leaf of the induced foliation onX ⊂ PA,B
an X-leaf. Let n ∈ ω and θ ∈ (0, pi/2), and r ∈ B(n, θ) ∩ (A ∪B)−B(n, θ). (Since
B(n, θ) ⊂ B(n, θ′) for all θ′ > θ, this is the only case we need to check.) Fix θ′ > θ.
We can assume without loss of generality that there is a sequence 〈ri〉 in B(n, θ),
i ∈ ω, converging to some s ∈ A, with ri < ri+1 ∀i. Denote the corresponding
triangles by Wri(n, θ). Figure 6 illustrates the situation.
......
1/n
rW rW rW W
sG
r1 r2 r3 sr0
rW 0 rW 1
r0
r1 r2
L
L L
O   O'
Figure 6. An accumulation of sectors.
Our goal is to find a leaf Gs going through all of Ws(m, θ
′), as in Figure 6, for
some m ≥ n (we drew the case where m = n). Denote by S the strip R× (0, 1/n)
in P o (viewed again as the upper half plane). For each i, choose an S-leaf Fi ⊂
Lri ∩ Wri(n, θ) going through all of the triangle. (Li ∩ S may have more than
one component going through all the triangle, we choose one as Fi.) Consider
Y = ∪i∈ωFi \ ∪i∈ωFi, the set of accumulation points of sequences 〈zi〉i∈ω with
zi ∈ Fi. Then Y ∩ S is a union of S-leaves, and Y ⊂ Wr(n, θ), so Y ∩ S ⊂
Wr(n, θ
′). Moreover, Y contains points at each height in (0, 1/n). Since Y ⊂
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Wr(n, θ), applying some Poincare´–Bendixson theory shows that the S-leaves in Y
must escape fromWr(n, θ) by either its upper boundary or its bottom vertex (which
is really a line segment in PA,B).
We return to the foliation on all of 2PA,B, and consider Ws(n, θ
′) ∪ W˜r(n, θ′),
where W˜s(n, θ
′) denotes the copy ofWs(n, θ
′) in the other copy of PA,B. The closure
in 2PA,B of this union is homeomorphic to a rectangle of width θ
′ and height 2/n
(see Figure 7, left).
1/n
O
O'
Is
W(n,O')s
W(n,O')s
Case I Case II Case III Case IV
Figure 7. Leaves inside Ws(n, θ
′).
Since Y contains points at each height, we have the 4 cases depicted in Figure 7
(right):
– There is a leaf which exits Ws(n, θ
′) twice by its bottom side (or as we
wrote above, by the vertex). (Case I.) Then for some m ≥ n, r ∈ B(m, θ′).
– There is a leaf going right through Ws(n, θ
′) (Case II), which yields r ∈
B(n, θ′).
– There is a sequence of leaves, each exitingWs(n, θ
′) twice by its upper side,
which approach the bottom side. Case III is when the leaves are nested,
and Case IV when they are not. There is thus an accumulation point of this
sequence on Is, that belongs to some leaf F . Given any compact portion
F ′ ⊂ F , by [3, Lemma 2.3] there is a small tubular neighbourhood of F ′
that is the image through a foliated chart of (0, 1)2 foliated horizontally. It
follows that F can neither enter W˜s(n, θ
′), nor stay on Ir , and it must exit
Ws(n, θ) by its upper side (since there are leaves doing the same arbitrarily
close). Thus, F goes right through Ws(n, θ
′), and s ∈ B(n, θ′).
The lemma is proved. 
We can now prove Theorem 4.1.
Proof of Theorem 4.1. Let S be the set of r ∈ A ∪ B such that K intersects Ir (if
r ∈ A) or Ir,1 ∪ Ir,2 (if r ∈ B). By compactness of K, S is finite. So, thinking of
Pi (i = 1, 2) again as the upper half plane, there must be a rectangle (in both Pi)
(a, b) × (0, c) that avoids K, such that U ∩ (a, b) 6= ∅. Thus, up to replacing A,B
by A ∩ (a, b), B ∩ (a, b), one can assume that K is empty.
Now, by Lemma 4.2, considering 2PA\D,B\(E1∪E2) if necessary, we may assume
that the foliation is nice.
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Fix θ ∈ (0, pi/2). By Lemma 4.3, B ⊂ ∪n∈ωB(n, θ). Since B is a Gδ that is dense
in U , there must be some n such that B(n, θ) is dense in some open V ⊂ U . Hence,
by Lemma 4.4, V ⊂ B(n, θ′) for all θ′ > θ. Now if r ∈ B(n, θ′) ∩ (A ∪ B), then r
satisfies T (r, n, θ′), so the leaf Lr must intersect Ir, which is clearly impossible if
r ∈ A, since the foliation is nice. However, by the assumption on A, there is some
r ∈ A ∩ V , a contradiction. 
Remark 4.5. When A is uncountable, 2PA,B is not homotopy equivalent to a
CW-complex by [2, Theorem 1]. However, for any A,B ⊂ R, the surface obtained
by taking PA,B as above and attaching collars (0, 1)× [0, 1) to the Ir for r ∈ A is
contractible (see [2, Proposition 3], already implicit in [5]). The proof of Theorem
4.1 can easily be arranged to show that this collared version does not possess a
foliation (for appropriate A,B). We thus have examples in two classes: a separable
one which is not homotopy equivalent to a CW-complex, and a contractible non-
separable one.
The assumption that A is (somewhere) dense is necessary: If A ⊂ [0, 1] is the
classical Cantor ternary set and B its complement in [0, 1], then 2PA,B and 2PB,A
both admit foliations. The construction in the upper half plane is the following.
For all r ∈ A, let Dr be a disk of radius 1 tangent to the bottom ‘boundary’ at
(r, 0). For all intervals I in B = R \ A, let f I1 < f
I
2 < f
I
3 be C
∞ curves tending
to the extremities of I with slope 0 and avoiding all Dr for r ∈ A. Such curves
are depicted in Figure 8 (where the superscripts I are omitted), for an interval
I = (a, b). Notice that a curve tending to the bottom ‘boundary’ of P o with slope
0 does not converge to any point in PA,B. Foliate PA,B under each f
I
3 as in the
same figure, and outside by horizontal lines. For PB,A, we need only f
I
1 < f
I
3 , and
we foliate below f I3 as in Figure 9, and put the vertical foliation outside. Taking
the double in each case gives the expected foliated surface without boundary.
a b
f  (which is not a leaf)
3
f  (which is a leaf)
2
1
f  (which is not a leaf)
3
Above     the
foliation is 
horizontal
f 
below    the foliation
is vertical
1
f
disks of radius 1 
Figure 8. Foliation on PA,B, with A the Cantor set, B = [0, 1] \A.
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1
f  (which is a leaf)
3
Above     the
foliation is 
vertical
f 
below    the foliation
is 'nearly horizontal'
1
f
3
f  (which is not a leaf)
Figure 9. Same as above, exchanging A and B.
4.3. A separable, simply connected surface lacking a foliation. In this sub-
section we construct a surface as in the title. Indeed, even removal of a compact
subset does not allow a foliation.
Begin with the subset of the Nyikosization of the plane R2 described in Propo-
sition 2.1 consisting of the copy of the long ray together with the quadrant Q =
{(x, y) ∈ R2 : x > 0 and y < 0} but then remove all the points of the subset ω1
of the long ray. For each α ∈ ω1 let Iα denote the open interval (α, α + 1) of
the long ray. Now Moorize each of the intervals Iα around the point α + 1/2 to
get the desired manifold M . Denote by I ′α the half-open interval coming from the
Moorization of Iα.
Suppose that M is foliated by F . As in Lemma 4.2, all but countably many
of the intervals I ′α lie entirely in a leaf of F . Each of these leaves then extends a
positive distance into Q and hence there is a positive integer n so that uncount-
ably many of these extensions reach the vertical line x = 1/n; set S = {α ∈ ω1 :
I ′α lies entirely in a leaf of F and its extension into Q meets the line x = 1/n}. For
each α ∈ S let yα ∈ (−∞, 0) be such that (1/n, yα) is the first point at which the
leaf containing I ′α meets the line x = 1/n. It is readily shown that if α < β then
yα < yβ as the leaves cannot cross. The sequence 〈yα〉α∈S yields a contradiction
because it is an uncountable, strictly increasing sequence in R.
It is readily checked that M is separable (any countable dense subset of Q will
do) and simply connected. A compact subset of M will not interfere with the
argument regarding non-foliability except to the extent that countably many more
elements may need to be removed from S.
5. Counting foliations on some ω-bounded surfaces
5.1. A surface with a unique foliation. Here we prove Proposition 1.7, that is,
the ‘paper cone’ manifold 2Q (where Q = {(x, y) ∈ L2 : −y ≤ x ≤ y}) has only one
foliation up to homeomorphism.
Proof of Proposition 1.7. Existence: consider the obvious vertical foliation (illus-
trated on the left part of Figure 10). Uniqueness: [3, Proposition 6.1] applied to
each embedded copy of Q in 2Q, reveals that the foliation is either asymptotically
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horizontal (H) or vertical (V). Let us analyse the three possible combinations (H-
H), (H-V) and (V-V) of behaviours occurring on the ‘front-’ respectively ‘back-side’
of the doubled manifold.
Vertical on the back-side 
Horizontal
on the front side
''cone point''
A fish-eyes view
of the ''cornet''
manifold.
cone point
The vertical foliation on the
cornet manifold Vertical on both sides
After
flattening
the cone
point reduces
to a ''tile'',
which plumbed
with a copy
yields a
foliated 2-disc
''cone point''
Figure 10. The ‘paper cone’ manifold: a surface with a unique
foliation
• If (H-H), then after passing to the intersection of two closed unbounded sets,
we obtain an impossible foliated 2-disc.
• If (H-V), then we concentrate on the shaded region depicted on the central part
of Figure 10. Flattening this region yields the ‘tile’ depicted right below, which in
turn after plumbing with a copy along the ‘framed’ boundary-data yields again a
foliated 2-disc.
• Finally when (V-V), then we identify easily compact subregions, in fact topo-
logical squares (see the different shadings on the right part of Figure 10), each
of which admits a unique foliated extension according to [3, Lemma 6.4]. This
completes the proof. 
Remark 5.1. (An origami avoiding any fish-eyes perception.) A convenient trick
to picture the manifold 2Q involves cutting its back-side along the vertical axis then
unfolding both octants via reflections at angles pi/4 and 3pi/4. The cut manifold
unfolds to cover the entire long upper half-plane L × L≥0, except that one has to
identify (x, 0) with (−x, 0) for all x ∈ L≥0 (reminiscent of the Moorization process).
This trick can be used to visualise without any fish-eye distortion the regions where
we are applying [3, Lemma 6.4]. In fact, with this method it is also possible to
analyse foliations on the bag-pipe surfaces Og,n of genus g and “pipus” n, i.e.
having n pipes modelled on the conical pipes 2Q \ {0}.
5.2. Simply-connected ω-bounded surfaces with infinitely many foliations.
Here we prove Proposition 1.8.
Our example is built with the (closed) first octant of L2 as the building block,
defined as before by O = {(x, y) ∈ L2 : 0 ≤ y ≤ x}. In our pictures, we draw an
arrow from the horizontal to the diagonal in O, see Figure 11 (left).
The idea is the following (see Figure 12, where one particular foliation is drawn
as well on the surface). Take a countable number of copies of O, and then glue
them together as follows. The k-th copy of O, which we label Ok, has a horizontal
boundary Hk and a diagonal boundary Dk. Consider the space given by the union
of the Ok where H2k+1 is identified pointwise with H2k+2 and D2k is identified with
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The first octant Vertical foliation Horizontal foliation
V H
Figure 11. The octant and its trivial foliations.
D2k+1. (In fact, the union of O2k and O2k+1 is a copy of L
2
≥0.) We then write
∆k (k = 0, 1, . . . ) for the images in the quotient of the old boundaries, counted
counterclockwise (see Figure 12, the thick lines). Say that ∆k is a 2-sided diagonal
when k is odd and a 2-sided horizontal when k is even. We then add a copy of
L≥0 that we call ∆ω, to which the ∆i accumulate, and another octant that we call
Oω with horizontal ∆0 and diagonal ∆ω, to ‘close the circle’ (again, see Figure 12).
Denote this surface by S. That S is a longpipe follows from its definition, in fact
one can easily write down explicitly S = ∪α∈ω1Sα, with the Sα given by considering
only the part of the octants where x, y < α. Also, S is simply connected.
The octant has two trivial foliations H and V given by the horizontal and the
vertical lines (of course in the boundary there is a mixed tangent-transverse behav-
ior), see Figure 11 (right). These foliations can be glued together to build infinitely
many different foliations on S. The foliation Fi is drawn in Figure 12. If one looks
at the foliation restricted in the Ok, it will be horizontal in O0, O2i+1, O2i+2 and
Oω, and vertical in the other Ok.
Δ
Δ
Δ
Δ
Δ
Δ
Δ
Δ
Δ
Δ
Δ
H
V
VV
V
H
H
H
V V
V
0
1
2
3
4
2i
2i+1
2i+2
2i+3
2i+4
ω
None of the Δ  are
(parts of) leaves, 
except  Δ   and Δ      .
k
0 2i+2
Figure 12. A surface with infinitely many foliations.
Lemma 5.2. There is no homeomorphism of S that sends Fi to Fk if i is different
from k.
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Sketch of a proof. We shall not give all the details since [1] contains many similar
proofs. We say that some set in S is unbounded if it is not contained in some Sα.
The first step is to check that a homeomorphism h must send ∆ω mainly to itself,
that is, its image must intersect it on a closed unbounded set. This is because any
copy of L+ must intersect at least one of the Oi (i = 0, 1, . . . , ω) unboundedly.
It is well-known that a copy of ω1 in the octant must either be contained in a
horizontal (except possibly countably many points), or it intersects the diagonal on
a closed unbounded set. Thus, h will send a closed unbounded set of ∆ω into a
horizontal or a diagonal of some Oi. But since these horizontals and diagonals do
not have the same topological properties as ∆ω (to which others accumulate), the
only possibility is as claimed.
By the same kind of arguments, one sees that the image of a 2-sided diagonal by
h must intersect unboundedly another 2-sided diagonal. It follows that the image
of each ∆i for i odd intersects some ∆j(i) (with j(i) odd) unboundedly. Two closed
unbounded sets of a diagonal always intersect, thus j(i) 6= j(i′) if i 6= i′. Moreover
for each j there is i with j = j(i). It follows that j is increasing in i, and hence
that j(i) = i.
Thus, a homeomorphism can basically just shake the ∆i’s (for odd i and i = ω),
but not interchange them. The lemma follows immediately. 
Remark 5.3. The same kind of construction is possible but piling up ω1 copies
of the octant instead of countably many. The resulting surface would then have
at least ω1 foliations up to homeomorphism. Here, we have shown that S has at
least countably many foliations, but in fact there are probably no more, since an
investigation similar to the one made for L2 in [3] should be possible, yielding that
the given foliations are the only ones, up to homeomorphism. However we did not
pursue this investigation.
References
[1] M. Baillif, Homotopy in non metrizable omega-bounded surfaces, Preprint
arXiv:math/0603515 (2006).
[2] M. Baillif, Some steps on short bridges: non-metrizable surfaces and CW-complexes, Journal
of Homotopy and Related Structures, 7(2) (2012), 153–164
[3] M. Baillif, A. Gabard and D. Gauld, Foliations on non-metrisable manifolds: absorption by
a Cantor black hole, to appear in Proceedings of the American Mathematical Society.
[4] M. Baillif, A. Gabard and D. Gauld, Foliations on non-metrisable manifolds: absorption by
a Cantor black hole, Preprint arXiv:0910.1897v1 (2009).
[5] E. Calabi and M. Rosenlicht, Complex analytic manifolds without countable base, Proc.
Amer. Math. Soc. 4 (1953), 335–340.
[6] A. Gabard, Ebullition in foliated surfaces versus gravitational clumping, Preprint
arXiv:1111.5752 (2011).
[7] A. Gabard and D. Gauld, Jordan and Schoenflies for non-metric surfaces, New Zealand J.
Math., 40 (2011), 49–58.
[8] A. Gabard and D. Gauld, Dynamics of non-metric manifolds, Preprint arXiv:1102.5684v1
(2011).
[9] P. J. Nyikos, The theory of nonmetrisable manifolds, In: Handbook of Set-Theoretic Topology,
ed. Kunen and Vaughan, 633–684, North-Holland, Amsterdam, 1984.
[10] P. J. Nyikos, On first countable, countably compact spaces III: The problem of obtaining
separable noncompact examples, In: Open Problems in Topology, ed. J. van Mill and G.M.
Reed, 128–161, Elsevier Science Publishers B.V., North-Holland, Amsterdam, 1990.
[11] L.C. Siebenmann, Deformation of homeomorphisms on stratified sets, Comment. Math. Helv.
47 (1972), 123–163.
20 MATHIEU BAILLIF, ALEXANDRE GABARD, AND DAVID GAULD
Universite´ de Gene`ve, Section de Mathe´matiques, Switzerland.
E-mail address: Mathieu.Baillif@unige.ch
Universite´ de Gene`ve, Section de Mathe´matiques, Switzerland.
E-mail address: alexandregabard@hotmail.com
Department of Mathematics, University of Auckland, New Zealand
E-mail address: d.gauld@auckland.ac.nz
